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ABSTRACT
Let zi, . . ., z. be complex numbers with Iz1I=1 for j=1, . . ., n. Then
n
max 1 2: ziv I > JVn .
v=1
	2n i-i
On the other hand, we give an explicit construction of complex numbers Z* 1 . . ., z*
with jz*I =1 for j=1, . . ., n such that for B>0
max
	
n z*V G 9B
Vn log n
.
v=1	nB i-1
The existence of such numbers z* was already proved by Erdos and Renyi [3]
by the use of probabilistic arguments .
1 . Let b1, . . ., bn and zi, . . ., zn be complex numbers . Put d= mini Izj !,
D= maxp ~z5 , S,,= j 1 biz ; for v=0, 1, 2, . . . and G(k)= max,,=i, . . .,k
IS, I
.
We write b > 0 and b =1 instead of by > 0 for j = 1, . . ., n and bf= 1 for
j = 1, . . ., n respectively. It is obvious that 0 is monotonically non-
decreasing. Furthermore, G(k) < So if b > 0. For every choice of zi , . . ., z~
the numbers b1 , . . ., b. can be chosen in such a manner that G(1)=G(2)=
= . . . = G(n - 1) = 0 . It follows from an improved version [4], [ 1 ] of Turin's
first main theorem that
1
G(n) > 1801,2 _ 1
if d=1.
This result is the best possible . A remarkably better lower bound is
possible for maxima extended over a longer range . It follows from a not
yet published result of Halisz that
(1) G(n2)> 2e n ISol, if d=1 .
It appeared from investigations on the Riemann hypothesis by Turin,
that the special case b > 0 and d = D = 1 is of significant interest . In his
book Turin proved the following estimates [6, p. 25, p. 15]
G(n) > 1=
ISO,
if b=1 and d =1 .
n
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This result is the best possible . Furthermore, by Dirichlet's theorem,
G(e2n) > jSo , if b>O and d=1 .
In this paper we prove
(2)
	
G(2n) > 2v_ So, if b>0 and d=D=1.
More general, if b>0, d=1, D=
Iz1I = Iz2I =
. . . =
lzhl > Izh+1l >
. . .
> Izn}
and
k > 2 max (n, S211h
=1
b; ), then
(3) G(k) > i_So .
Upper limits for G(k) have been given by ERD6s and RikNYi [3]. They
proved the existence of complex numbers z', . . ., zn with d = D = 1, such
that, with b=1,
(4) G(k) < j/6lo(k+1) s
g
o
The difference between these lower and upper bounds is small . In their
paper Erdos and R6nyi asked for an explicit construction of such numbers
zl, . . ., zn . By the use of primes we give such an explicit construction
with a slightly worse estimate,
(5) G(k) < 9
log k
so .
Vn log n
Finally, we mention two new interesting developments . D . Newman
generalized (2) by proving that for every e > 0 there exists a constant
c(E) > 0 such that
G((1 +e)n) >
(E
So .
On the other hand, H . L . Montgomery has constructed an explicit example
with b=1 and d = D =1 such that
G(n2)
1
So,
hn -1
under the assumption that n + 1 is a prime. This is an improvement of
(4) and (5) for k < n2 and remarkably close to the lower bound in (3) .
2. First we prove (5) .
THEOREM 1 . Let k and n be positive integers, n > 2 . There exist complex
numbers zl, . . ., zn with Iz*I =1 for j=1, . . ., n such that
71
max
I I
z*"
I<
9 log k 1/
lon
v=1 k
;=1 g n
PROOF . If k < n, we can take all nth roots of unity. We therefore
may assume k > n .
Suppose n > 25. Let p1, . . ., p8 be the primes in the interval (l/n log n,
3 Vn log n) . Denote by n(r) the number of primes < r . It follows from
[5, formulas (3 .5) and (3.4)] that
and, hence,
pi
+ . . . + p8 > Vn/log n .1/n log n = n. It is easily checked that
this is also true for 2 < n < 24. We now drop our restriction on n.
Choose t<s such that
p1 + . . .+pt<n<pl+ . . .+pt+1 •
Put n1 =n-pi . . .
-pt . Hence, nj <pt+i < 3 i n log n . We define z*, . . ., zn as follows . For
j =1, . . ., t we take all pj-th roots of unity . The nl remaining z*'s are
defined to be 1 . Put sv = 1 z*" . Let v be an integer divisible by
exactly t, primes among pi, . . ., p t . Then
Is,*1 <t, .3 Vn log n+3 Vn log n = 3(tv + 1) V n log n .
Let v < k . Hence, t, < log k/log (j/n) . This implies
log
J s" 1<
3 (21og nk
+ 1) v n log n< 9 log k
Vlog n
This proves the theorem .
3 . The following theorem implies (2) and (3) .
THEOREM 2 . Let b1 , . . ., bn and z1 , . . ., zn be complex numbers with
b1 >0, . . .,bn >0 and Jz1I= . .
.=Izhl>!zh+1l>
. . .>JzfI=1 . Put SS=
j?-,bjzvi .
If
8,2
(6)
	
k+ 1 >
z
max n, ,
h
b,
~=1
then
We write
and
26 Indagationes
38 9
s=n(3 VVn log n) -a(Vn log n) >
max IS I
> V1
_3
v=1 k n 2(k+1)
Y
n
log n'
So .
PROOF . Put
P
=
Izl
I and
~9
=zj/O for j =1, . . ., n. We
a,=1-
k+1
for v=0, 1, . . ., k.
k
F(z)=ao+2 57 av zv
v-1
a
P=ao+2 I ay, Pe=ao+2
2
.
P
P-1
v-1
define
A simple computation gives
(7)-
	
P> s(k + 1 ) .
Since
n
k
av Svzv
bjF(~ j z)=aoSo+2
j=1
v=1
we have, using Parseval's formula,
1 n n k a2 S2
(8) 2~ f {Re ~I bjF(~'jett)}2dt=aoSo+2v1
~2v"
.
It is easily seen that Re F(4p ett) > 0 for j = 1, . . ., n . (See also [2]) . We
therefore obtain
n
'A
1 f {Re b1 F(~5
eit)}2
dt > 1 f I b?{Re F(~3 eit)}2 dt
76 -n 1-1
2~
-n j=1
h n
b;-P+ b; PQ .
j=1
j=h+1
(9)
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If we assume that I S,I < M for v=1,
. . ., k then
k
a
2 S2
(10) aoSo+2 1 --
2v
<So+M2(PQ -1) .
V=1
The combination of (8), (9) and (10) yields
h
P b; - So
n
2
=1
Q 2
i
M
PQ -1 +
PQ-1 1=h+1 .
We know from (6) and (7) that the numerator of the first fraction is
positive. Hence, from Schwarz's inequality and (7),
h
P~bj-Sp
n n 2
M2 > 7=1	+ bf = b? -' 0 (1 -	3
))
So .
P
j-h+1
j_1
P n 2(k+ 1
This completes the proof of the theorem .
REMARK. If k > 2n, then
1 3 1 3 1
n 2(k+1) > n 4n 4n'
and, hence, M>So/2Vn . This implies (3) . If d=D=1, then h=n and
S02/l;_1 b; <n . This proves (2) .
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